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Z h h{dplqh wkhruhwlfdoo| dqg h{shulphqwdoo| wkh vwudwhjlf ehkdylru ri uvw dqg vhfrqg
pryhuv lq d wzr sduw| edujdlqlqj jdph zlwk xqfhuwdlq lqirupdwlrq wudqvplvvlrq1 Zkhq wkh
uvw pryhu vwdwhv khu ghpdqg/ vkh grhv qrw nqrz zkhwkhu wkh vhfrqg pryhu zloo eh lqiruphg
derxw lw1 Li wkh vhfrqg pryhu lv lqiruphg/ vkh fdq hlwkhu dffhsw ru uhmhfw wkh rhu dqg sd|rv
duh ghwhuplqhg dv lq wkh xowlpdwxp jdph1 Li vkh lv qrw lqiruphg/ wkh vhfrqg pryhu vwdwhv khu
rzq ghpdqg dqg sd|rv duh ghwhuplqhg dv lq wkh Qdvk ghpdqg jdph1 Lq wkh h{shulphqw zh
ydu| wkh frpprqo| nqrzq suredelolw| ri lqirupdwlrq wudqvplvvlrq1 Rxu pdlq qglqj lv wkdw
uvw pryhuv* dqg xqlqiruphg vhfrqg pryhuv* ehkdylru lv txdolwdwlyho| lq olqh zlwk wkh jdph wkh0
ruhwlf vroxwlrq/ wkdw lv/ uvw pryhuv* +xqlqiruphg vhfrqg pryhuv*, ghpdqgv duh orzhu +kljkhu,
wkh orzhu wkh suredelolw| ri d vljqdo1
Nh|zrugv= frpplwphqw> lpshuihfw revhuydelolw|> xowlpdwxp edujdlqlqj jdph> Qdvk edu0
jdlqlqj jdph> h{shulphqwv1
MHO fodvvlfdwlrq qxpehuv= F:5> F:;> F<51
￿
Wkh wklug dxwkru dfnqrzohgjhv qdqfldo khos iurp wkh Jhupdq Vflhqfh Irxqgdwlrq/ GIJ1 Sduw ri wklv uhvhdufk
zdv grqh zkloh wkh wklug dxwkru zdv ylvlwlqj wkh Fhqwhu iru H{shulphqwdo Vrfldo Vflhqfh dw Qhz \run Xqlyhuvlw|1
￿
Ilvfkhu/ J wk/ dqg Vwlhkohu= Pd{ Sodqfn Lqvwlwxwh iru Uhvhdufk lqwr Hfrqrplf V|vwhpv/ Ndkodlvfkh Vwudvvh 43/
3::78 Mhqd/ Jhupdq|/ Id{= .7< 6974 9;9 9551
P oohu +fruuhvsrqglqj dxwkru,= Ghsduwphqw ri Hfrqrplfv/ Wloexuj Xqlyhuvlw|/ Zdudqghoddq 5/ Srvwexv <3486/ 8333
OH Wloexuj/ Wkh Qhwkhuodqgv/ Id{= .64 46 799 6375/ H0pdlo= z1pxhoohuCxyw1qo1
44 Lqwurgxfwlrq
Lq pdq| vlwxdwlrqv rqh fdq surw iurp wkh delolw| wr pdnh d elqglqj frpplwphqw1 Wklv vhhpv wr
eh zhoo nqrzq iru d orqj wlph= Lq 4399 Zlooldp wkh Frqtxhuru/ vr wkh Edwwoh Deeh| Fkurqlfoh
uhsruwv/ rughuhg klv vroglhuv wr exuq wkhlu vklsv diwhu odqglqj lq Hqjodqg1 Kh wkxv xqplvwdndeo|
ghprqvwudwhg wkdw kh dqg klv phq zhuh ghwhuplqhg wr jkw xqwlo wkh| zrq wkh gd| ru wr glh1
Wkdw frpplwphqw frqihuv d vwudwhjlf dgydqwdjh kdv lq xhqfhg pdq| duhdv ri hfrqrplf
wkhru| olnh pdfurhfrqrplfv/ lqwhuqdwlrqdo wudgh dqg lqgxvwuldo rujdql}dwlrq1 Li wkhuh lv d uvw
pryhu dgydqwdjh/ wkh qhfhvvdu| frqglwlrqv iru d frpplwphqw duh lwv luuhyhuvlelolw| dqg wkdw lw
fdq eh uholdeo| frppxqlfdwhg1
￿
Erwk dvvxpswlrqv duh judqwhg lq prvw ohdghu0iroorzhu prghov lq
hfrqrplf olwhudwxuh1 Uhfhqwo|/ wkh urexvwqhvv ri suhhpswlyh frpplwphqwv kdv ehhq uhylhzhg lq
wkh suhvhqfh ri lpshuihfw revhuydelolw| ru huuru0surqh lqirupdwlrq wudqvplvvlrq1 Y dq Gdpph dqg
Kxunhqv +4<<:, glvwlqjxlvk ehwzhhq huuruv lq shufhswlrq dqg huuruv lq frppxqlfdwlrq1 Edjzhoo
+4<<8, lqyhvwljdwhv d prgho zlwk huuruv lq shufhswlrq= Lq d wzr0sod|hu ohdghu0iroorzhu vhwxs/ kh
dvvxphv wkdw zlwk d fhuwdlq suredelolw| wkh iroorzhu revhuyhv wkh wuxh dfwlrq ri wkh ohdghu1 Zlwk wkh
frpsohphqwdu| suredelolw|/ krzhyhu/ wkh iroorzhu revhuyhv dq| dfwlrq iurp wkh ohdghu*v vwudwhj| vhw1
Zkhq frqvlghulqj rqo| sxuh vwudwhj| vroxwlrqv/ wkh uvw0pryhu dgydqwdjh euhdnv grzq frpsohwho|
zlwk wkh voljkwhvw qrlvh lq revhuylqj wkh ohdghu*v wuxh dfwlrq1 Fkdnudyruwl dqg Vslhjho +4<<6,/ rq
wkh rwkhu kdqg/ lqyhvwljdwh d prgho zlwk huuruv lq frppxqlfdwlrq1 Wkh| dovr dvvxph wkdw zlwk d
fhuwdlq suredelolw| wkh vhfrqg pryhu zloo eh fruuhfwo| lqiruphg derxw wkh ohdghu*v fkrlfh1 Krzhyhu/
zlwk wkh frpsohphqwdu| suredelolw| wkh vhfrqg pryhu uhfhlyhv qr vljqdo dw doo1
￿
Lq wklv fdvh wkh
vwuhqjwk ri wkh uvw0pryhu dgydqwdjh ydulhv frqwlqxrxvo| zlwk wkh suredelolw| ri d fruuhfw vljqdo1
Lq dq h{shulphqwdo dqdo|vlv ri d 55 jdph zlwk Edjzhoo*v ixoo0vxssruw qrlvh vwuxfwxuh Kxfn
dqg P oohu +5333, qg wkdw iroorzhuv ljqruh vpdoo ohyhov ri qrlvh dqg sod| d ehvw0uhvsrqvh djdlqvw
wkh revhuyhg ohdghu*v dfwlrq hyhq wkrxjk zlwk vrph suredelolw| wklv pljkw eh wkh zurqj dfwlrq1
Ohdghuv txlfno| ohduq wr h{sorlw wklv whqghqf| dqg sod| wkh Vwdfnhoehuj ohdghu*v txdqwlw|1 Rqo| zlwk
kljk ohyhov ri qrlvh/ sod| frqyhujhv wr wkh Frxuqrw htxloleulxp1 J wk hw do1 +5334e, h{shulphqwdoo|
h{dplqh wkh vwudwhjlf ehkdylru ri ohdghuv dqg iroorzhuv lq vhtxhqwldo gxrsro| pdunhwv dvvxplqj/ olnh
Fkdnudyruwl dqg Vslhjho +4<<6,/ wkdw iroorzhuv hlwkhu revhuyh txdqwlwlhv ri wkh ohdghuv ru qrwklqj
￿
Wr frph edfn eulh | wr wkh deryh h{dpsoh= Wr exuq wkh vklsv lv fohduo| dq luuhyhuvleoh dfwlrq dqg rqh fdq dvvxph
wkdw erwk wkh Hqjolvk dqg Zlooldp*v phq glg revhuyh wklv dfwlrq dqg xqghuvwrrg lwv vljqlfdqfh1
￿
Dq h{dpsoh iru wklv vljqdo whfkqrorj| lv hpdlo frqyhuvdwlrq gxulqj zklfk d phvvdjh hlwkhu duulyhv dw wkh dgguhvvhh
lqwdfw ru qrw dw doo1
5dw doo1 Frqvlvwhqw zlwk wkhru|/ ohdghuv hqmr| d juhdwhu uvw0pryhu dgydqwdjh zkhq iroorzhuv revhuyh
wkhlu dfwlrqv zlwk kljkhu suredelolw|1
Lq wklv sdshu zh wkhruhwlfdoo| dqg h{shulphqwdoo| lqyhvwljdwh xqfhuwdlq frppxqlfdwlrq lq
vhtxhqwldo edujdlqlqj1 Pruh suhflvho|/ wkh uxohv ri wkh jdph duh dv iroorzv= Iluvw/ wkh sursrvhu [
+ru uvw pryhu, vwdwhv khu ghpdqg { derxw zklfk wkh uhvsrqghu +ru vhfrqg pryhu, wkhq uhfhlyhv dq
doo0ru0qrwklqj vljqdo1 Zlwk d frpprqo| nqrzq suredelolw| z wkh vhfrqg pryhu \ ohduqv wkh uvw
pryhu*v ghpdqg dqg zlwk frpsohphqwdu| suredelolw| wkh uhvsrqghu uhfhlyhv qr lqirupdwlrq dw doo1
￿
Wkh lqiruphg vhfrqg pryhu fkrrvhv ehwzhhq dffhswlqj ru uhmhfwlqj wkh lpsolflw rhu1 Dffhswlqj
|lhogv { wr [ dqg wkh glhuhqfh ehwzhhq wkh wrwdo dydlodeoh cslh/* s> dqg {/ l1h1 +s{, wr \= Uhmhfwlqj
wkh rhu |lhogv }hur sd|r iru erwk1 Wkh xqlqiruphg vhfrqg pryhu vwdwhv klv rzq ghpdqg | dqg
sd|rv duh wkhq ghwhuplqhg dv lq wkh xvxdo ghpdqg jdph +Qdvk 4<83,1 Wkdw lv/ li wkh vxp ri wkh
wzr ghpdqgv grhv qrw h{fhhg wkh slh +{ . |  s,/ erwk sod|huv uhfhlyh wkhlu ghpdqgv> rwkhuzlvh
+{ .| A s, erwk uhfhlyh qrwklqj1 Wkh vroxwlrq ri wklv jdph  edvhg rq wkh qrwlrq ri ulvn grplqdqfh
+Kduvdq|l dqg Vhowhq 4<;;,  suhvfulehv d frqwlqxrxv wudqvlwlrq iurp wkh xowlpdwxp edujdlqlqj wr
wkh Qdvk ghpdqg jdph= Dv wkh suredelolw| z ghfuhdvhv iurp 4 wr 3/ wkh ulvn grplqdqw uvw pryhu
ghpdqg pryhv frqwlqxrxvo| iurp { @ s wr { @ s@5/ zlwk wkh +xq,lqiruphg vhfrqg pryhu dozd|v
+ghpdqglqj, dffhswlqj wkh uhvlgxdo +s  {,1
Lq rxu ylhz/ lq wkh hog lpshuihfw revhuydelolw| ri hduolhu dfwlrqv lv wkh uxoh udwkhu wkdq wkh
h{fhswlrq1 Lw lv wkhuhiruh/ erwk lpsruwdqw dqg ghvludeoh wr h{soruh wkhruhwlfdoo| dqg h{shulphqwdoo|
wkh lpsolfdwlrqv ri lpshuihfw revhuydelolw| lq d ydulhw| ri vhwwlqjv1 Lq wklv uhvshfw rxu edujdlqlqj
prgho fdq hqkdqfh rxu xqghuvwdqglqj ri uvw0pryhu dgydqwdjhv zkhq dfwlrqv duh lpshuihfwo| re0
vhuydeoh1 Wklv fdq foduli| wkh urexvwqhvv ri uhvxowv wkdw zhuh ghulyhg lq wkh h{whqvlyh wkhruhwlfdo
olwhudwxuh wkdw vwxglhg wkh uroh ri frpplwphqw lq vhtxhqwldo jdphv dqg lqglfdwh krz dssursuldwh
wkhvh ehqfk0pdun vroxwlrqv duh lq wkh suhvhqfh ri lpshuihfw frppxqlfdwlrq fkdqqhov1 Lq vslwh ri
pdq| h{shulphqwdo vwxglhv ri edujdlqlqj dqg qhjrwldwlrqv
￿
zh duh qrw dzduh ri vwxglhv lqyhvwljdwlqj
xqfhuwdlq lqirupdwlrq wudqvplvvlrq lq d edujdlqlqj vlwxdwlrq1
Rxu pdlq h{shulphqw hpsor|v d zlwklq0vxemhfw ghvljq uhjduglqj wkh suredelolw| z zlwk
zklfk wkh vhfrqg pryhu lv lqiruphg1 Lq hdfk ri wkh 8 vhvvlrqv vxemhfwv hlwkhu dfwhg lq wkh uroh ri
wkh uvw ru vhfrqg pryhu dqg zhuh uhshdwhgo| dqg udqgrpo| uh0pdwfkhg wr sod| wkh jdph1 Lq hdfk
￿
Qrwh wkdw wklv vljqdo whfkqrorj| lv zlgho| xvhg lq wkh olwhudwxuh/ h1j1/ Odrqw dqg Wluroh +4<<6, Uxelqvwhlq +4<;<,/
Ihuvkwpdq hw do1 +4<<4,/ dqg Fkdnudyruwl dqg Vslhjho +4<<6,1
￿
Iru uhylhzv vhh iru h{dpsoh J wk +4<<8, ru Urwk +4<<8,1
6ri wkh 93 urxqgv wkh suredelolw| z zlwk zklfk wkh vhfrqg pryhu uhfhlyhg d vljqdo zdv udqgrpo|
dqg lqghshqghqwo| gudzq iru hdfk sdlu ri sod|huv iurp wkh vhw i3=4> 3=6> 3=:> 3=<j=
Rxu pdlq qglqj lv wkdw uvw pryhuv +xqlqiruphg vhfrqg pryhuv*, dyhudjh ghpdqgv zhdno|
lqfuhdvh +ghfuhdvh, zlwk wkh suredelolw| z ri wkh xowlpdwxp prgh1 Krzhyhu/ ghpdqgv gr qrw
vljqlfdqwo| glhu iru wkh wzr vpdoo ohyhov ri z= Lq doo wuhdwphqw frqglwlrqv/ wkh prgh ri ehkdylru
lv wkh htxdo0vsolw ghpdqg1 Lq jhqhudo/ uvw pryhuv* +xqlqiruphg vhfrqg pryhuv*, ghpdqgv ghfuhdvh
+lqfuhdvh, dv vhvvlrqv surjuhvvhg1 Ilqdoo|/ dv lq wkhru|/ wkhuh duh qr gluhfw hhfwv ri wkh suredelolw|
z rq uhmhfwlrq ehkdylru ri lqiruphg vhfrqg pryhuv1
Wkh sdshu lv rujdql}hg dv iroorzv= Lq Vhfwlrq 5 zh suhflvho| vwdwh wkh prgho dqg ghulyh wkh
jdph0wkhruhwlf suhglfwlrqv1 Lq Vhfwlrq 6 zh ghvfuleh rxu h{shulphqwdo ghvljq dqg wkh surfhgxuhv
xvhg1 Wkh uhvxowv ri wkh h{shulphqwv duh wkhq suhvhqwhg lq vhfwlrq 71 Ilqdoo|/ Vhfwlrq 8 rhuv d
glvfxvvlrq ri rxu uhvxowv dqg vrph frqfoxglqj uhpdunv1
5 Wkhru|
514 Wkh Prgho
Wkhuh duh wzr sduwlhv= d uvw pryhu [ dqg d vhfrqg pryhu \ zkr fdq glylgh d srvlwlyh dprxqw ri
prqh| s+A 3, dprqj wkhpvhoyhv1 Wkh wlplqj ri ghflvlrqv lv dv iroorzv= Iluvw [ vwdwhv khu ghpdqg
{ zlwk 3  {  s= Wklv ghpdqg { lv uhyhdohg wr \ zlwk suredelolw| z 5 ^3> 4`1 Zlwk frpsohphqwdu|
suredelolw| 4  z wkh ghflvlrq { lv qrw uhyhdohg wr \ +zkr lq wklv fdvh rqo| nqrzv wkdw [ kdv
douhdg| vwdwhg klv ghpdqg {,1 Wkh suredelolw| z lv frpprqo| nqrzq1 Zkhq wkh vhfrqg pryhu
\ lv lqiruphg derxw sod|hu [*v ghpdqg {> kh fdq fkrrvh ehwzhhq dffhswlqj ru uhmhfwlqj [*v
ghpdqg dqg wkh lpsolflw rhu s{1 Li \ dffhswv/ sod|hu [ hduqv { zkloh sod|hu \ hduqv | @ s{= Lq
fdvh \ lv qrw lqiruphg derxw sod|hu [*v ghpdqg/ kh pxvw vwdwh klv rzq ghpdqg | zlwk 3  |  s=
Li wkh rxwfrph lv ihdvleoh/ l1h1 { . |  s/ erwk jhw zkdw wkh| ghpdqghg +l1h1 sod|hu [ hduqv { dqg
\ hduqv |,1 Li { . | A s> erwk hduq qrwklqj1
Wkxv li wkh vhfrqg pryhu lv lqiruphg derxw wkh uvw pryhu ghpdqg/ wkh uxohv duh wkrvh ri
wkh xowlpdwxp jdph1 Wkhuhiruh/ zh zloo uhihu wr wklv fdvh dv wkh X0prgh1 Li wkh vhfrqg pryhu lv qrw
lqiruphg derxw wkh uvw pryhu ghpdqg/ wkh uxohv uhvhpeoh wkrvh ri wkh v|pphwulf Qdvk ghpdqg
jdph zlwk d srvlwlrqdo rughu surwrfro
￿
1 Wkhuhiruh/ zh zloo uhihu wr wklv fdvh dv wkh Q0prgh1 Iru
￿
Wkh srvlwlrqdo rughu surwrfro uholhv rq vhtxhqwldo ghflvlrqv zlwkrxw uhyhdolqj hduolhu pryhv wr vhfrqg pryhuv +vhh
Udsrsruw/ 4<<:,1
7dq| z 5 +3> 4, zh uhihu wr wkh jdph zlwk wklv sdudphwhu z dv wkh z0jdph1
515 Vroxwlrq
Dv lq ruwkrgr{ jdph wkhru| zh dvvxph sod|huv wr eh vhovk surw pd{lpl}huv/ zkdw lv frpprqo|
nqrzq1 Iru wkh X0prgh dq| zhdno| xqgrplqdwhg uhvsrqvh ixqfwlrq kdv wr dffhsw doo srvlwlyh rhuv1
Vlqfh iru frqwlqxrxv rhuv |+{, @ s  {/ wkhuh h{lvwv qr vpdoohvw srvlwlyh rhu/ zh dvvxph wkdw wkh
ghpdqg { @ s lv dovr dffhswhg1 Vxevwlwxwlqj hdfk vxejdph zlwk jlyhq uvw pryhu ghpdqg { e|
[ e| lwv vroxwlrq rxwfrph +{> |, zlwk | @ s  { |lhogv d jdph zklfk lv fdoohg wkh Q0wuxqfdwlrq1
Wkh uxohv ri wkh Q0wuxqfdwlrq duh wkdw zlwk suredelolw| z wkh ghpdqg { e| [ lv dxwrpdwlfdoo|
dffhswhg ohdglqj wr sd|r { iru [ dqg | @ s  { iru \ 1 Zlwk frpsohphqwdu| suredelolw| 4  z
wkh ghpdqgv { e| [ dqg | e| \ ohdg wr wkh sd|r yhfwru +{> |, rqo| zkhq { . |  s1 Lq frq lfw
+{ . | A s, lw ohdgv wr d sd|r ri 3 iru erwk1 Lq wkh Q0prgh dq| vwulfw htxloleulxp {
￿ +z, zlwk
3 ? {
￿ +z, ? s uhtxluhv wkh ehvw uhvsrqvh |
￿ +z, @ s  {
￿ +z,1 Dv d frqvhtxhqfh/ doo ghpdqg yhfwruv
+{> |, zlwk { . | @ s duh htxloleuld ri wkh Q0wuxqfdwlrq zklfk duh hyhq vwulfw +rqh orvhv e| ghyldwlqj
xqlodwhudoo|, lq fdvh ri {> | A 31 Zkhq vroylqj Q0wuxqfdwlrqv zh/ wkhuhiruh/ uho| rq htxloleulxp
vhohfwlrq1 Wklv uhtxluhv vroxwlrq fdqglgdwhv +wkh vwulfw htxloleuld, dqg d frqfhsw ri htxloleulxp
vhohfwlrq1 Dowkrxjk ulvn grplqdqfh +Kduvdq|l dqg Vhowhq 4<;;, lv xvxdoo| dq lqwudqvlwlyh uhodwlrq/
Q0wuxqfdwlrqv duh vshfldo vlqfh wkh| kdyh d xqltxh vwulfw htxloleulxp wkdw ulvn0grplqdwhv doo rwkhu
vwulfw htxloleuld1 Uho|lqj rq ulvn grplqdqfh/ zh fdq suryh +vhh Dsshqgl{ D, wkh iroorzlqj











Wkh vroxwlrq ri z0jdphv lv wkh vroxwlrq ri wkh Q0wuxqfdwlrqv +jlyhq lq Sursrvlwlrq 4, wr0
jhwkhu zlwk wkh ehvw0uhvsrqvh ixqfwlrq +l1h1/ xqlyhuvdo dffhswdqfh ri doo rhuv lq wkh Xprgh, xq0
ghuo|lqj wkh ghqlwlrq ri Q0wuxqfdwlrqv1 Wkdw lv/ jlyhq suredelolw| z> wkh uvw pryhu zloo ghpdqg
{
￿ +z,/ wkh xqlqiruphg vhfrqg pryhu zloo ghpdqg |
￿ +z, @ s  {
￿ +z, zkloh wkh lqiruphg vhfrqg














iru z $ 3 +Q0prgh iru fhuwdlq,
s iru z $ 4 +X0prgh iru fhuwdlq,
>
8wkh rxwfrph ri wkh z0jdph pryhv prqrwrqlfdoo| iurp wkh +Qdvk 4<83, edujdlqlqj rxwfrph +{
￿ +3, @ s@5,
wr wkh rqh ri xowlpdwxp edujdlqlqj +{
￿ +4, @ s,1 Zh wkxv kdyh qdwxudoo| olqnhg wkh wzr surplqhqw
edujdlqlqj prghov e| z0jdphv1
6 H{shulphqwdo ghvljq
Wkh frpsxwhul}hg h{shulphqwv zhuh frqgxfwhg dw Kxperogw Xqlyhuvlw| xvlqj wkh vriwzduh wrro
nlw }0Wuhh +Ilvfkedfkhu/ 4<<<,1 Zh udq 8 vhvvlrqv zlwk 45 vxemhfwv hdfk1 Zlwk d ihz h{fhswlrqv/
vxemhfwv zhuh vwxghqwv ri hfrqrplfv ru exvlqhvv dgplqlvwudwlrq dw Kxperogw Xqlyhuvlw|1 Wkh| zhuh
hlwkhu udqgrpo| uhfuxlwhg iurp d srro ri srwhqwldo sduwlflsdqwv ru lqylwhg e| ohd hwv glvwulexwhg
durxqg wkh xqlyhuvlw| fdpsxv1 Vhvvlrqv odvwhg derxw 78 plqxwhv1 Wkh dyhudjh hduqlqjv zhuh HXU
451;;1
￿
Xsrq duulydo lq wkh oderudwru|/ hdfk vxemhfw zdv vhdwhg lq iurqw ri d frpsxwhu vfuhhq zkhuh
vkh uhfhlyhg zulwwhq lqvwuxfwlrqv lq Jhupdq +iru dq Hqjolvk wudqvodwlrq vhh Dsshqgl{ E,1 Diwhu
uhdglqj wkh lqvwuxfwlrqv/ vxemhfwv zhuh doorzhg wr dvn foduli|lqj txhvwlrqv zklfk zhuh dqvzhuhg
sulydwho|1 Lqvwuxfwlrqv lqiruphg vxemhfwv wkdw wkhuh zhuh wzr urohv +uroh [ dqg uroh \ , dqg wkdw
lq hdfk vhvvlrq 9 vxemhfwv zhuh udqgrpo| dvvljqhg wr wkh uroh [ dqg 9 vxemhfwv wr wkh uroh \ > dqg
wkdw urohv zhuh nhsw {hg gxulqj wkh hqwluh vhvvlrq1 Zh lpsohphqwhg wkh z0jdph ghvfulehg deryh
zlwk irxu glhuhqw suredelolwlhv z lq d zlwklq0vxemhfw ghvljq1
￿
Wkh sd|rv zhuh ghqrwhg lq HFX
+H{shulphqwdo Fxuuhqf| Xqlw, dqg vxemhfwv zhuh lqiruphg wkdw 533 HFX zrxog sd| 4 HXU dw wkh
hqg ri wkh vhvvlrq1 Wkh dydlodeoh dprxqw s zdv htxdo wr 433 HFX lq hdfk urxqg1 Lq hdfk ri wkh 93
urxqgv rqh [ zdv udqgrpo| pdwfkhg zlwk rqh \ dqg wkh frpsxwhu udqgrpo| vhohfwhg rqh ri wkh
irxu suredelolwlhv z 5 i3=4> 3=6> 3=:> 3=<j lqghshqghqwo| iru hdfk ri wkh vl{ [@\ 0sdluv1 Hdfk sdlu
zdv lqiruphg derxw wkh vhohfwhg ydoxh ri z1
￿
Wkh frpsxwhu dovr vhohfwhg wkh prgh +X0 ru Q0prgh,
dffruglqj wr wkh fkrvhq suredelolw| z lqghshqghqwo| iru hdfk sdlu1 Wkhq wkh vxemhfw dfwlqj lq
uroh [/ nqrzlqj rqo| suredelolw| z exw qrw wkh vhohfwhg prgh/ vwdwhg khu lqwhjhu ghpdqg { zlwk
3  {  4331 Wkh urxqg wkhq frqwlqxhg ghshqglqj rq wkh vhohfwhg prgh1
￿
Dyhudjh hduqlqjv ri uvw pryhuv zhuh HXU 46189 zlwk vwdqgdug ghyldwlrq 413: dqg dyhudjh hduqlqjv ri vhfrqg
pryhuv zhuh HXU 45155 zlwk vwdqgdug ghyldwlrq 413;1
￿
D zlwklq0vxemhfw ghvljq doorzv wr h{soruh wkh vhqvlwlylw| wr z0fkdqjhv rq dq lqglylgxdo ohyho udwkhu wkdq yld d
frpsdulvrq ri glhuhqw jurxsv ri sduwlflsdqwv zkrvh frpsrvlwlrq pljkw ydu| lq vrph udwkhu xqfrqwuroohg zd|1
￿
Wkh h{wuhph suredelolwlhv +z ' f= dqg z ' f=b, zhuh xvhg lq rughu wr vhh zkhwkhu ehkdylru dssur{lpdwhv
wkh xvxdo qglqjv iru wkh erxqgdu| fdvhv z ' f/ uhvshfwlyho| z ' 1 Wkh lqwhuphgldwh suredelolwlhv +z ' f= dqg
z ' f=. doorz wr whvw wkh vhqvlwlylw| ri ehkdylru wr z0fkdqjhv/ erwk lq wkh orzhu dqg wkh xsshu z0udqjh1
9Lq fdvh ri wkh X0prgh +prgh 4,/ sduwlflsdqw \ ohduqhg wkh dfwxdo ghpdqg { ri [ dqg
wkhq ghflghg ehwzhhq dffhswlqj ru uhmhfwlqj lw1 Lq fdvh ri wkh Q0prgh +prgh 5,/ sduwlflsdqw
\ zdv qrw lqiruphg derxw { zkhq vwdwlqj klv rzq lqwhjhu ghpdqg | zlwk 3  |  4331 \ rqo| nqhz
wkdw [ kdv mxvw vwdwhg klv ghpdqg1 Sd|rv zhuh wkhq ghwhuplqhg dffruglqj wr wkh uhvshfwlyh
sd|r uxoh/ ghvfulehg lq vhfwlrq 5141 Dw wkh hqg ri hdfk urxqg/ hdfk [@\ sdlu zdv lqiruphg
derxw wkh udqgrp gudzv pdgh e| wkh frpsxwhu dqg wkh lqglylgxdo ghflvlrqv pdgh lq wklv urxqg1
Ixuwkhupruh/ hyhu| sduwlflsdqw zdv lqiruphg derxw klv rzq lqglylgxdo sd|r lq wkdw urxqg1
Wkh uhodwlyho| kljk qxpehu ri 93 urxqgv jdyh vxemhfwv dpsoh rssruwxqlw| iru ohduqlqj dqg
surylghg pdq| +dowkrxjk qrw lqghshqghqw, revhuydwlrqv iru +xq,lqiruphg vhfrqg pryhuv lq doo
wuhdwphqw frqglwlrqv1 Wkh udqgrp pdwfklqj vfkhph zdv hpsor|hg wr zhdnhq srvvleoh uhshdwhg
jdph hhfwv1
7 H{shulphqwdo uhvxowv
714 Ghvfulswlyh gdwd dqdo|vlv
Lq wklv vxevhfwlrq zh uvw suhvhqw vrph uhohydqw vxppdu| vwdwlvwlfv1 Odwhu lq vxevhfwlrqv 715 wr
717 zh dqdo|}h uvw dqg vhfrqg pryhu ehkdylru lq pruh ghwdlo xvlqj uhjuhvvlrq whfkqltxhv1 Zlwk
8 vhvvlrqv ri 93 urxqgv hdfk/ dqg 9 ohdghuv dqg 9 iroorzhuv lq hdfk vhvvlrq/ zh kdyh d wrwdo ri
4;33 ghflvlrqv iru hdfk uroh1 Iroorzhuv kdg wr fkrrvh ;<7 wlphv ehwzhhq dffhswdqfh dqg uhmhfwlrq
+X0prgh,> dqg kdg wr vwdwh <39 wlphv wkhlu rzq ghpdqg +Q0prgh,1
Wdeoh 4 uhsruwv vxppdu| vwdwlvwlfv vhsdudwho| iru wkh irxu glhuhqw suredelolwlhv z 5
i3=4> 3=6> 3=:> 3=<j1 Iru uvw pryhuv lw uhsruwv suhglfwhg ghpdqgv {
￿ +z,/ dyhudjh revhuyhg ghpdqgv
{+z, dorqj zlwk vwdqgdug ghyldwlrqv +lq sduhqwkhvhv,1 Iru vhfrqg pryhuv Wdeoh 4 glvwlqjxlvkhv
ehwzhhq wkh Qdvk ghpdqg +Q, dqg wkh xowlpdwxp +X, prgh1 Lq fdvh ri wkh Q0prgh lw uhsruwv wkh
suhglfwhg ghpdqg |
￿ +z,/ dyhudjh revhuyhg ghpdqgv |+z, dorqj zlwk vwdqgdug ghyldwlrqv dqg wkh
frq lfw udwhv/ l1h1 wkh uhodwlyh iuhtxhqf| ri fdvhv zlwk {+z, . |+z, A 4331 I ru wkh X0prgh lw rqo|
uhsruwv uhmhfwlrq udwhv1 Dv wkhuh lv qr fdvh lq zklfk d uvw pryhu ghpdqghg wkh zkroh slh/ wkh
wkhruhwlfdo uhmhfwlrq udwh lv }hur lq doo fdvhv1
Wkh lqirupdwlrq jlyhq lq Wdeoh 4 lv frpsohphqwhg e| Iljxuhv 4 dqg 5 dqg Wdeohv ; dqg
< surylghg lq Dsshqgl{ F1 Iljxuhv 4 dqg 5 looxvwudwh wkh iuhtxhqf| glvwulexwlrqv ri uvw pryhuv*
dqg xqlqiruphg vhfrqg pryhuv* ghpdqgv1 Wdeoh ; vkrzv pruh ghwdlohg lqirupdwlrq derxw uhmhfwlrq
ehkdylru ri lqiruphg vhfrqg pryhuv +X0prgh,1 Ilqdoo|/ Wdeoh < vkrzv surwv ri uvw dqg vhfrqg
:Wdeoh 4= Ulvn grplqdqw vroxwlrq ghpdqgv dqg revhuyhg dyhudjh ghpdqgv ryhu doo urxqgv1




+z, phdq {+z, |
￿

























































wrwdo Q 4;33 <39 ;<7
Qrwh= Vwdqgdug ghyldwlrqv edvhg rq vhvvlrq dyhudjhv dsshdu lq sduhqwkhvhv1
pryhuv lq doo wuhdwphqw frqglwlrqv1
Zkdw duh wkh pdlq hhfwvB Frqvlghu uvw0pryhu ehkdylru dqg uhihu wr Wdeoh 41 Dv suhglfwhg
e| wkhru|/ dyhudjh ghpdqgv ri uvw pryhuv ydu| prqrwrqlfdoo| zlwk z1 Exw wkh| gr vr ohvv wkdq
suhglfwhg1 Wkhuh lv rqo| d udwkhu vpdoo glhuhqfh ehwzhhq dyhudjh ghpdqgv iru z @ 3=6 dqg z @ 3=4
+83183 yv1 83165,1 Dyhudjh ghpdqgv ehwzhhq z @ 3=< dqg z @ 3=: ydu| frqvlghudeo| pruh +8;194
yv1 88199,1 Wkh odujhvw glhuhqfh fdq eh revhuyhg ehwzhhq z @ 3=: dqg z @ 3=6 +88199 yv1 83183,1
Ryhudoo/ uvw pryhuv gr qrw vkduso| glhuhqwldwh zkhq wkh ohyho ri z lv vpdoo +z  3=6, dqg prvwo|
rhu wr vsolw wkh slh htxdoo| lq wkhvh fdvhv zkdw h{sodlqv wkh yhu| orz frq lfw udwhv +816:(/ uhvs1
91:;( lq fdvh ri wkh Q0prgh dqg 3133< (/ uhvs1 3 ( lq fdvh ri X0prgh,1 Ixuwkhupruh/ lw lv
lqwhuhvwlqj wr qrwh wkdw ehkdylru lv ohvv glvshuvhg wkh orzhu wkh suredelolw| z ri wkh xowlpdwxp
prgh dv vkrzq e| wkh vwdqgdug ghyldwlrqv ri uvw dqg vhfrqg pryhu ghpdqgv1
Zlwk uhjdug wr xqlqiruphg vhfrqg0pryhu ghpdqgv +Q0prgh,/ zh revhuyh wkdw wkh frpsdu0
dwlyh vwdwlfv surshuwlhv uhjduglqj z duh dovr fohduo| uh hfwhg lq wkh gdwd +dowkrxjk/ djdlq/ qrw dv
surqrxqfhg dv suhglfwhg,1 Dyhudjh ghpdqgv lqfuhdvh iurp 771<3 lq fdvh ri z @ 3=< wr 7<186 lq
fdvh ri z @ 3=4= Krzhyhu/ djdlq dyhudjh ghpdqgv glhu rqo| voljkwo| ehwzhhq z @ 3=4 dqg z @ 3=6
+7<186 yv1 7;1<<,1
Uhjduglqj vhfrqg pryhuv* ehkdylru lq fdvh ri wkh X0prgh/ zh revhuyh wkdw uhmhfwlrq udwhv
;vhhp wr lqfuhdvh zkhq wkh suredelolw| ri wkh xowlpdwxp prgh lqfuhdvhv +vhh vxevhfwlrq 717 ehorz
iru d pruh ghwdlohg dqdo|vlv,1
Dqrwkhu txlfn looxvwudwlrq ri revhuyhg ehkdylru lv jlyhq e| wkh klvwrjudpv lq Iljxuhv 4
dqg 5 +Dsshqgl{ F, vkrzlqj ghpdqgv ri uvw dqg xqlqiruphg vhfrqg pryhuv iru hdfk ydoxh ri
z vhsdudwho|1 Lq erwk urohv/ ghpdqglqj h{dfwo| 83 lv wkh prgh iru hdfk ohyho ri z1 Wkrxjk wklv
lv jhqhudoo| wuxh iru doo z*v dqg erwk urohv/ iru uvw pryhuv wkh sxuh grplqdqfh ri wklv prgh
iru wkh wzr kljkhu ohyhov ri z lv ohvv surqrxqfhg wkdq iru vhfrqg pryhuv/ zkdw dovr h{sodlqv wkh
kljk frq lfw udwhv iru kljkhu z0ydoxhv +z  3=:,1 Wkh htxdo vsolw lv dovr wkh phgldq ghpdqg ri
xqlqiruphg vhfrqg pryhuv iru doo z0ydoxhv dqg ri uvw pryhuv iru doo jlyhq z0ydoxhv vwulfwo| vpdoohu
wkdq 31<1 +I ru z @ 3=< wkh phgldq lv 931, Wkh glvwulexwlrqv ri erwk uvw dqg xqlqiruphg vhfrqg
pryhu ghpdqgv duh pruh glvshuvhg iru kljkhu ohyhov ri suredelolw| z1 Exw lw lv qrw v|pphwulfdoo|
glvshuvhg= lw udwkhu pryhv wr wkh uljkw iru uvw pryhuv dqg wr wkh ohiw iru vhfrqg pryhuv1
Ryhu doo/ edujdlqlqj hqghg lq frq lfw lq 4619( ri doo hqfrxqwhuv1 I ru wkh X0prgh +47176(,
wklv qxpehu zdv voljkwo| kljkhu wkdq iru wkh Q0prgh +451;(,1 Vlqfh uvw0pryhu ghpdqgv whqg
wr lqfuhdvh zlwk kljkhu z*v/ frq lfw dqg uhmhfwlrq udwhv lqfuhdvh zlwk z1 Iru wkh X0prgh wkh|
lqfuhdvh prqrwrqlfdoo| zlwk z1 Gxh wr glhuhqw qxpehuv ri revhuydwlrqv/ lw lv gl!fxow wr frpsduh
frq lfw2uhmhfwlrq udwhv ehwzhhq wkh X0 dqg wkh Q0prgh iru hdfk z1 Qhyhuwkhohvv lw lv zruwk phq0
wlrqlqj wkdw lq wkh Q0prgh wkh lqfuhdvh lq frq lfw udwhv lv pruh surqrxqfhg wkdq lq wkh X0prgh
zkhuh vxemhfwv nqrz wkh frvwv ri fkrrvlqj frq lfw1
715 Dqdo|vlv ri uvw0pryhu ehkdylru
Zkhq uvw pryhuv vwdwh wkhlu ghpdqgv/ wkh| rqo| nqrz wkh suredelolw| z zlwk zklfk wkh vhfrqg
pryhu zloo eh lqiruphg derxw wkhlu ghpdqg1 Dv wkh frqwuro yduldeoh z zdv wuxo| h{rjhqrxv/
udqgrp0hhfwv uhjuhvvlrq prghov vhhp wr eh wkh prvw dssursuldwh rqhv1
￿
Lq rughu wr dvvhvv ohdghuv* ehkdylru/ zh hvwlpdwhg vhyhudo yhuvlrqv ri wkh iroorzlqj udqgrp0
￿
D Euhxvk0Sdjdq OP whvw zdv xvhg wr whvw iru wkh qhfhvvlw| ri vxemhfw hhfwv dqg d Kdxvpdq whvw zdv dssolhg wr
whvw iru glhuhqfhv ehwzhhq wkh {hg0hhfwv dqg wkh udqgrp0hhfwv prgho1 Lq doo uhjuhvvlrqv/ d sdqho uhjuhvvlrq zlwk
vxemhfw hhfwv zdv suhihudeoh wr d fodvvlf uhjuhvvlrq prgho dqg dprqj wkh sdqho uhjuhvvlrq prghov d udqgrp0hhfwv
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￿ lv d frpsrvlwh huuru whup zlwk wkh xvxdo
dvvxpswlrqv pdgh lq udqgrp hhfwv uhjuhvvlrq prghov1 G
’ lv d gxpp| yduldeoh zklfk lv htxdo wr
4 li vxemhfwv frqiurqwhg d suredelolw| ri wkh Xprgh ri z @ n@43 +n 5 i4> 6> :j, dqg 3 rwkhuzlvh1
Wkxv/ wkh ehkdylru xqghu wuhdwphqw frqglwlrq z @ 3=< vhuyhv dv wkh uhihuhqfh fdvh1 Wkh yduldeoh





! lv d rqh0shulrg odjjhg gxpp| yduldeoh
wkdw lv htxdo wr 4 li lq wkh suhfhglqj urxqg d ghpdqg zdv uhmhfwhg lq wkh X0prgh ru sod| uhvxowhg





Wkh uhvxowv ri uvw0pryhu uhjuhvvlrqv duh suhvhqwhg lq Wdeoh
51 Uhjuhvvlrqv IP4IP7 glhu lq whupv ri lqghshqghqw yduldeohv wkdw zhuh lqfoxghg1
Frqvlghulqj uvw wkh hhfw ri suredelolw| z rq uvw pryhuv* ehkdylru/ uhjuhvvlrqv IP40IP7
vkrz wkdw zlwkrxw h{fhswlrq wkh frh!flhqwv ri wkh wuhdwphqw gxpplhv duh qhjdwlyh dqg kljko|
vljqlfdqw +zlwk 3 A 
￿ A 
  A 
! ,1 Khqfh ghpdqgv duh vljqlfdqwo| vpdoohu wkdq iru wkh uhihu0
hqfh fdvh ri z @ 3=<1 Ixuwkhupruh/ lq doo irxu uhjuhvvlrqv wkh uhvwulfwlrq 
￿ @ 
  pxvw eh uhmhfwhg
zkhuhdv wkh uhvwulfwlrq 
  @ 




Wkxv uvw pryhuv gr qrw uhdfw wr fkdqjhv
lq z li wkh ohyho ri z lv uhodwlyho| vpdoo +z  3=6,1 Exw iru kljk suredelolwlhv ri wkh X0prgh/ vwd0
wlvwlfdoo| vljqlfdqw uhdfwlrqv fdq eh phdvxuhg zklfk duh lq olqh zlwk rxu txdolwdwlyh suhglfwlrqv1
Iurp Wdeoh 4 zh douhdg| frqfoxghg wkdw uvw pryhuv whqghg wr ghpdqg ohvv wkdq zkdw lv suh0
vfulehg e| wkh wkhru|1 Wkh uhvxowv ri uhjuhvvlrqv IP5 dqg IP7 lpso| wkdw wklv whqghqf| ehfdph





￿ , ri wlph dfurvv doo wuhdwphqw frqglwlrqv1 Uhjuhvvlrq IP 6 dqg IP7 phdvxuh
wlph hhfwv iru hdfk ri wkh wuhdwphqw frqglwlrqv vhsdudwho|1 Vlqfh 
" ? 
￿ ? 
  ? 
! ? 3> zh
vhh wkdw wkh pdjqlwxgh ri wklv hhfw prqrwrqlfdoo| ydulhv zlwk wkh suredelolw| ri wkh xowlpdwxp




  dqg wkdw 
!
lv lqvljqlfdqw1 Ilqdoo|/ vlqfh wkh frh!flhqw 
# lv vpdoo lq pdjqlwxgh dqg vwdwlvwlfdoo| lqvljqlfdqw/








Li qrw h{solflwo| phqwlrqhg/ vljqlfdqfh ohyhov lq k|srwkhvlv whvwv duh vhw htxdo wr s $ DI=
43Wdeoh 5= Uhvxowv ri uvwpryhu uhjuhvvlrqv
Uhjuhvvlrq Uhjuhvvlrq Uhjuhvvlrq Uhjuhvvlrq


































































































































































































Qrwh= Vwdqgdug huuruv ri hvwlpdwruv lq sduhqwkhvhv1
3 s ? 3=4=
3
4





3 s ? =34
44Wdeoh 6= Lghqwlhg lqglylgxdo sdwwhuqv ri uvw pryhuv*v ghpdqgv
Qxpehu ri fdvhv +shufhqwdjh,






























































































































!  4 + 616, 
Rwkhu 4 + 616, 6 +4313, 5 + 91:,
Wrwdo 63 +433, 63 +433, 63 +433,
Qrwh= {
5
9 vwdqgv iru lqglylgxdo phgldq ghpdqgv dw jlyhq z0ohyhov1
qr lpphgldwh hhfw rq uvw pryhu ehkdylru1
Zh dovr wulhg wr lghqwli| lqglylgxdo sdwwhuqv ri uvw pryhuv* phgldq ghpdqgv1 Zh lghqwlhg
9 prqrwrqh sdwwhuqv zklfk duh vkrzq lq wkh uvw froxpq lq Wdeoh 61 Lq wklv Wdeoh/ {
5
9 ghqrwhv dq
lqglylgxdo*v phgldq ghpdqg iru d jlyhq ydoxh ri z= Z h fdwhjrul}h lqglylgxdo ehkdylru vhsdudwho|
iru doo urxqgv +froxpq 5,/ wkh uvw 53 urxqgv +froxpq 6, dqg wkh odvw 53 urxqgv +froxpqv 7,1
Frqvlghu/ iru h{dpsoh/ froxpq 5 lq Wdeoh 6 frxqwlqj sdwwhuqv zlwk uhjdug wr doo urxqgv1
Qlqh vxemhfwv +63(, vwdwh d phgldq ghpdqg wkdw lv lqghshqghqw ri z1 Dv lw wxuqhg rxw/ doo ri wkhvh
vxemhfwv rhuhg wkh htxdo vsolw1 Dqrwkhu ; vxemhfwv +5:(, rqo| glhuhqwldwh ehwzhhq wkh wzr kljk
ydoxhv ri z dqg glvsod| wkh vdph phgldq ghpdqg iru doo rwkhu suredelolwlhv1 Wkh qh{w 9 vxemhfwv
+53(, vwdwh rqo| wzr glhuhqw phgldq ghpdqgv= rqh iru wkh wzr kljk suredelolwlhv dqg d orzhu rqh
iru wkh wzr vpdoo suredelolwlhv1 Dqrwkhu 9 vxemhfwv vwdwh 6 glhuhqw phgldq ghpdqgv1 Wkh| dsshdu
wr wuhdw wkh wzr orz suredelolwlhv dolnh1 Wkh rqh vxemhfw dsshdulqj lq fdwhjru| rwkhu lq Wdeoh
6 vwdwhv phgldq ghpdqgv wkdw prqrwrqlfdoo| lqfuhdvh zlwk d ghfuhdvlqj suredelolw| z1 Qrwh wkdw
qrqh ri wkh vxemhfwv ghfuhdvhg phgldq ghpdqgv zlwk d idoolqj suredelolw| z lq d vwulfwo| prqrwrqlf
zd| dv suhglfwhg e| wkhru|1 Ilqdoo|/ zh phqwlrq wkdw doo vxemhfwv vwdwh wkh vdph phgldq ghpdqg











Zkhq frpsdulqj ehkdylru lq wkh uvw dqg wkh odvw 53 urxqgv/ wkh fohduhvw hhfw zh revhuyh
lv d vkliw wrzdugv pruh z0lqyduldqw htxdo0vsolw ghpdqgv1 Wkhlu vkduh lqfuhdvhv iurp 53( wr derxw
4576(1
Revhuydwlrq 4 Wkh ehkdylru ri uvw pryhuv fdq eh vxppdul}hg dv iroorzv=
+l, Dyhudjh ghpdqgv +zhdno|, lqfuhdvh zlwk wkh suredelolw| z ri wkh xowlpdwxp prgh1 Krzhyhu/
ghpdqgv gr qrw glhu vljqlfdqwo| iru wkh wzr vpdoo ohyhov ri z1
+ll, Lq doo wuhdwphqw frqglwlrqv/ wkh prgh ri ehkdylru lv wkh htxdo0vsolw ghpdqg1 Pruhryhu/ derxw
63( ri doo vxemhfwv whqg wr vwdwh z0lqyduldqw ghpdqgv1
+lll, Rq dyhudjh/ uvw pryhuv ghpdqg ohvv wkdq vxjjhvwhg e| wkh ulvn grplqdqw vroxwlrq lq doo
wuhdwphqw frqglwlrqv1 Wklv ghyldwlrq lv kljkhu wkh kljkhu wkh suredelolw| ri wkh xowlpdwxp
prgh1
+ly, Iluvw pryhuv* ghpdqgv ghfuhdvh dv vhvvlrqv surjuhvvhg1 Wklv hhfw lv pruh surqrxqfhg wkh
kljkhu wkh suredelolw| ri wkh xowlpdwxp prgh1 Dovr/ wkh vkduh ri htxdo0vsolw ghpdqgv lqfuhdvhg
ryhu wlph1
716 Dqdo|vlv ri xqlqiruphg vhfrqg0pryhu ehkdylru
Zh uvw dqdo|}h wkh ehkdylru ri xqlqiruphg vhfrqg pryhuv/ l1h1/ ri vhfrqg pryhuv idflqj wkh Qdvk
ghpdqg prgh +Q,1 Lq wklv fdvh/ vhfrqg pryhuv zhuh dvnhg wr vwdwh wkhlu ghpdqg |+z, ehlqj rqo|
dzduh ri suredelolw| 4z e| zklfk uvw pryhuv h{shfwhg wkh Q0prgh1 Zh hvwlpdwhg udqgrp0hhfwv
prghov wkdw zhuh vlplodu wr wkh rqhv zh hvwlpdwhg iru uvw pryhuv +vhh htxdwlrq 5,/ h{fhsw iru wkh
idfw wkdw iru vhfrqg pryhuv qr dgmxvwphqw iru vhvvlrq0zlvh khwhurvfhgdvwlflw| zdv qhfhvvdu|1 Wkh
uhvxowv ri vhfrqg0pryhu uhjuhvvlrqv duh suhvhqwhg lq Wdeoh 71 Uhjuhvvlrqv XVP40XVP7 rqo| glhu
lq whupv ri wkh lqghshqghqw yduldeohv wkdw zhuh lqfoxghg1
Frqvlghulqj uvw wkh hhfw ri wkh suredelolw| z rq xqlqiruphg vhfrqg pryhuv* ehkdylru/
uhjuhvvlrqv XVP4 dqg XVP5 vkrz wkdw zlwkrxw h{fhswlrq wkh frh!flhqwv ri wkh wuhdwphqw gxpplhv
duh srvlwlyh dqg vljqlfdqw +zlwk 
￿ ? 
  ? 
! ,1 Zkloh wkh k|srwkhvlv wkdw 
￿ @ 
  fdq eh uhmhfwhg/
wkh k|srwkhvlv wkdw 
  @ 
! fdq qrw1 Khqfh sdudooho wr rxu qglqjv derxw uvw0pryhu ghpdqgv/ wkh
wzr vpdoo suredelolwlhv ri lqirupdwlrq wudqvplvvlrq duh wuhdwhg dolnh zkhuhdv lq wkh udqjh ri kljkhu
ohyhov ri z> sduwlflsdqwv duh pruh vhqvlwlyh wr z1 Uhjuhvvlrq XVP5 vkrzv wkdw wkhuh lv d vpdoo exw
kljko| vljqlfdqw wlph hhfw dfurvv doo wuhdwphqw frqglwlrqv dv 
￿ @ 3=361 Uhjuhvvlrq XVP6 +dqg
dovr XVP7, phdvxuhv wlph hhfwv iru hdfk ri wkh wuhdwphqw frqglwlrqv vhsdudwho|1 Dv lw wxuqv rxw/
zkloh lq vrph fdvhv wkhuh lv d vljqlfdqw frpelqhg hhfw ri wlph dqg wuhdwphqw frqglwlrq/ lq rwkhu
46Wdeoh 7= Uhvxowv ri xqlqiruphg vhfrqgpryhu uhjuhvvlrqv
Uhjuhvvlrq Uhjuhvvlrq Uhjuhvvlrq Uhjuhvvlrq
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47fdvhv wkhuh lv qrqh1 Ilqdoo|/ zh qrwh wkdw wkh frh!flhqw 
# lv djdlq vwdwlvwlfdoo| lqvljqlfdqw +vhh
XVP7,1
Dovr iru xqlqiruphg vhfrqg pryhuv zh wulhg wr lghqwli| lqglylgxdo sdwwhuqv ri phgldq ghpdqgv1
Wkh uhvxowv duh vxppdul}hg lq Wdeoh 81 Gxh wr wkh doo0ru0qrwklqj vljqdo whfkqrorj| h{soruhg lq
wklv h{shulphqw/ wkhuh duh vrph vxemhfwv iru zklfk zh gr qrw kdyh dq| revhuydwlrq iru kljkhu
suredelolwlhv +z @ 3=: ru +pruh riwhq, z @ 3=<,1 Lq wkhvh fdvhv zh edvh rxu fdwhjrul}dwlrq rq wkh














Ghpdqglqj 83 uh hfwv lq doprvw doo fdvhv lqglylgxdo phgldq ehkdylru dw z @ 3=4 dqg
z @ 3=61 Iru h{dpsoh/ uhjduglqj ehkdylru lq doo urxqgv/ iru 5; rxw ri 63 xqlqiruphg vhfrqg pryhuv
wkh phgldq ghpdqg dw wkh wzr vpdoohu z0ydoxhv lv 831 Dovr zlwk uhvshfw wr doo urxqgv/ wkh udwh ri
xqlqiruphg vhfrqg pryhuv zkr vkrz lqyduldqfh lq wkhlu phgldq ghpdqgv ryhu doo irxu z*v lv zlwk
76=6( kljkhu wkdq iru uvw pryhu gdwd +63(,1 Lqfoxglqj wkrvh vxemhfwv zkr rqo| frqiurqwhg wkuhh
glhuhqw z*v wkh vkduh ri z0lqyduldqw sdwwhuqv lv hyhq 96=6( +@ 76=6( . 53(,1
Iru : vxemhfwv zh frxog qrw lghqwli| d vwdeoh +ru prqrwrqlfdoo| lqfuhdvlqj, sdwwhuq lq phgldq
ehkdylru ryhu wkh uvw 53 urxqgv1 Qr vxfk fdvh rffxuuhg iru gdwd ri wkh odvw 53 urxqgv1 Qhlwkhu
ryhu doo urxqgv qru ryhu wkh odvw 53 urxqgv/ wkhuh lv d vxemhfw zlwk d phgldq ghpdqg sdwwhuq wkdw
lqfuhdvhv prqrwrqlfdoo| zlwk ghfuhdvlqj suredelolw| z/ dv suhglfwhg e| wkh ulvn0grplqdqw vroxwlrq1
Revhuydwlrq 5 Wkh ehkdylru ri xqlqiruphg vhfrqg pryhuv fdq eh vxppdul}hg dv iroorzv=
+l, Xqlqiruphg vhfrqg pryhuv* ghpdqgv +zhdno|, ghfuhdvh zlwk wkh suredelolw| z ri wkh xowlpdwxp
prgh1 Exw ghpdqgv gr qrw uhdfw wr vpdoo ohyhov ri z1
+ll, Ghpdqglqj 83 lv irfdo dqg 96( ri doo vxemhfwv kdyh z0lqyduldqw phgldq ghpdqgv ryhu doo
urxqgv1
+lll, Rq dyhudjh/ xqlqiruphg vhfrqg pryhuv ghpdqg pruh wkdq wkhlu ulvn0grplqdqw vroxwlrq gh0





Wklv phdqv wkdw vrphwlphv wkh frpsdulvrq lv pdgh rqo| wr revhuydwlrqv iru z ' f=b lq fdvh dq revhuydwlrq iru
z ' f=. lv plvvlqj dqg ylfh yhuvd1 Ixuwkhupruh/ iru vrph ri wkh vxemhfwv zh rqo| kdyh gdwd iru z ' f= dqg z ' f=
ru rqo| iru z ' f= dqg z ' f=. iru wkh uvw uhvshfwlyho| wkh odvw 53 urxqgv +vhh wklug wr odvw urz lq Wdeoh 8,1
48Wdeoh 8= Lghqwlhg lqglylgxdo sdwwhuqv ri xqlqiruphg vhfrqg pryhuv*v ghpdqgv
Qxpehu ri fdvhv +shufhqwdjh,


















































































































































































































!  7 +4616, 6 + 4313,
Rwkhu 4 +616, : +5616, 
Wrwdo 63 +433, 63 +433, 63 +433,
Qrwh= |
5
9 vwdqgv iru lqglylgxdo phgldq ghpdqgv dw jlyhq z0ohyhov1
717 Dqdo|vlv ri lqiruphg vhfrqg0pryhu ehkdylru
Zh qdoo| dqdo|}h wkh ehkdylru ri lqiruphg vhfrqg pryhuv zkr zhuh dzduh ri ghpdqg { ri uvw
pryhuv +X0prgh,1 Dv fdq eh vhhq lq Wdeoh 4/ doo exw rqh ghpdqg zdv dffhswhg e| lqiruphg vhfrqg




E| dqg odujh wklv lv gxh wr wkh idfw wkdw uvw pryhuv
sursrvhg wkh htxdo vsolw +{ @ 83, lq wkhvh fdvhv1 Wkhuhiruh/ lq doo lqiruphg vhfrqg pryhu uhjuhvvlrqv
lq Wdeoh 9 dffhswdqfh iru erwk z @ 3=4 dqg z @ 3=6 lv wkh uhihuhqfh srlqw1 Qrwh wkdw 97( +7:(,





orjlw uhjuhvvlrqv ri uhmhfwlrq ehkdylru ri lqiruphg vhfrqg pryhuv1 Wkh
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￿ htxdov rqh li vhfrqg pryhu l uhmhfwhg wkh rhu |
￿
B
￿ @ 433  {
C
￿ ri uvwpryhu m lq
shulrg w> dqg 








D Kdxvpdqq whvw lqglfdwhv wkdw {hg0hhfwv uhjuhvvlrqv duh dssursuldwh1
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Qrwh= Vwdqgdug huuruv ri hvwlpdwruv lq sduhqwkhvhv1
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Doo ghpdqgv e| uvw pryhuv lq wuhdwphqw frqglwlrqv z @ 3=: dqg z @ 3=< zhuh vpdoohu
wkdq 4331 Wkxv/ vxejdph shuihfwlrq suhglfwv wkdw doo ghpdqgv vkrxog eh dffhswhg vxjjhvwlqj wkh
qxoo k|srwkhvlv  @ 3= Li/ krzhyhu/ kljkhu ghpdqgv e| uvw pryhuv duh uhmhfwhg pruh riwhq/ zh
h{shfw  A 3= Lq doo prghov lq Wdeoh 9/ wkh frh!flhqw  lv vljqlfdqwo| juhdwhu wkdq 3/ phdqlqj wkdw
kljkhu ghpdqgv duh uhmhfwhg pruh riwhq1 Jlyhq wkh hylghqfh uhsruwhg lq wkh ydvw olwhudwxuh rq wkh
xowlpdwxp jdph wklv uhvxow lv ri frxuvh qrw vxusulvlqj1
Wkhruhwlfdoo|/ uhmhfwlrq ehkdylru vkrxog qrw ghshqg rq wkh wuhdwphqw yduldeoh z1 Wklv lv
zkdw zh edvlfdoo| revhuyh lq uhjuhvvlrqv LVP4 0 LVP6 zkhuh wkh frh!flhqwv 
" dqg 
￿ duh dozd|v
lqvljqlfdqw1 Uhjuhvvlrqv LVP5 dqg LVP6 dovr frqwuro iru wlph hhfwv vhsdudwho| iru hdfk ri wkh
wuhdwphqw frqglwlrqv1 Zh revhuyh wkdw 
" lv +zhdno|, vljqlfdqwo| glhuhqw iurp 3 zkhuhdv 
￿ lv
qhlwkhu hfrqrplfdoo| qru vwdwlvwlfdoo| uhohydqw1 Wkhuhiruh/ zh frqfoxgh wkdw ghpdqgv xqghu z @ <




Hvwlpdwlrqv pd{lpl}h wkh xqfrqglwlrqdo orj olnholkrrg xvlqj Qhzwrq*v lwhudwlrq phwkrg1






Revhuydwlrq 6 Wkh ehkdylru ri lqiruphg vhfrqg pryhuv fdq eh vxppdul}hg dv iroorzv=
+l, Uhmhfwlrq ehkdylru lv pdlqo| gulyhq e| uvw0pryhu ghpdqgv1 Kljkhu ghpdqgv +ru vpdoohu
rhuv, e| uvw pryhuv duh pruh olnho| uhmhfwhg1
+ll, Wkhuh duh qr vljqlfdqw gluhfw hhfwv ri wuhdwphqw suredelolw| z rq uhmhfwlrq ehkdylru1
+lll, Zkhuhdv ghpdqgv xqghu z @ 3=< duh pruh riwhq uhmhfwhg dv wlph xqirogv/ uhmhfwlrq ehkdylru
xqghu z @ 3=: lv vwdeoh dfurvv urxqgv1
718 Surwv
Zh kdyh vr idu ghvfulehg dqg dqdo|}hg ehkdylru ri uvw dqg vhfrqg pryhuv lq wkh irxu zjdphv1 Zh
qrz wxuq wr wkh lqwhudfwlrq ehwzhhq wkhvh uvw dqg vhfrqg pryhuv e| dqdo|}lqj uhvxowlqj surwv1
Wdeoh : uhsruwv uhvxowv ri vl{ udqgrp hhfwv uhjuhvvlrqv ri urxqg surwv rq zgxpplhv/ zlwk




Lq doo uhjuhvvlrqv surwv iru z @ 3=4 dqg 3=6 duh vljqlfdqwo|
odujhu frpsduhg wr wkh uhihuhqfh fdvh ri z @ 3=< dqg surwv iru wkh wzr vpdoohu z*v gr qrw glhu
vljqlfdqwo|1 H{fhsw iru uvw pryhu surwv lq wkh Xprgh/ surwv iru z @ 3=4 dqg 3=6 duh dovr
vljqlfdqwo| odujhu wkdq surwv iru z @ 3=:1 Wkdw uvw pryhu surwv ghfuhdvh zlwk dq lqfuhdvlqj
z dqg wkhuhiruh zlwk dq lqfuhdvh ri vwudwhjlf srzhu uhvxowv iurp wkh lqfuhdvlqj frq lfw2uhmhfwlrq
udwhv +vhh Wdeoh 4,1 Iluvw pryhuv vhhp wr vxhu iurp d fxuvh ri vwuhqjwk1 Zkhq wu|lqj wr h{sorlw
wkhlu vwudwhjlf dgydqwdjh/ uvw pryhuv ehfrph udwkhu dpelwlrxv dqg riwhq lqgxfh frq lfw1 Ilqdoo|/




719 I xuwkhu hylghqfh
Lq dqrwkhu vhw ri h{shulphqwv rq zjdphv zh hpsor|hg wkh vwudwhj| phwkrg +Vhowhq/ 4<9:,1 Pruh
vshflfdoo|/ lq wkhvh h{shulphqwv sduwlflsdqwv frqiurqwhg doo irxu zjdphv vlpxowdqhrxvo|1 Wklv
surylghg xv zlwk pruh revhuydwlrqv hvshfldoo| iru vhfrqg pryhuv1 Wkh frpsohwh h{shulphqwdo









Qrwh/ wkdw e| dgglqj frh!flhqwv 
R / 
S dqg 
T wr wkh frqvwdqw 
U / rqh rewdlqv d phdvxuh iru dyhudjh surwv iru
z ' f=.> f= dqg f=1
4;Wdeoh := Uhjuhvvlrqv ri surwv ri uvw dqg vhfrqg pryhuv1
Iluvw pryhuv



















































































































































































Qrwh= Vwdqgdug huuruv ri hvwlpdwruv lq sduhqwkhvhv1
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V s ? =34
4< Dw wkh ehjlqqlqj ri hdfk ri 43 urxqgv hdfk uvw pryhu zdv dvnhg wr vwdwh khu ghpdqg iru
hdfk ri wkh irxu suredelolwlhv z 5 i3=4> 3=6> 3=:> 3=<j zkhuh hdfk ohyho ri z zdv htxdoo| olnho|
wr dsso| lq wkh jlyhq urxqg1
 Wkhq/ wkh vhfrqg pryhu zdv rqo| lqiruphg wkdw wkh uvw pryhu kdg mxvw vwdwhg khu ghpdqg
dqg zdv dvnhg wr vwdwh klv ghpdqg qrw rqo| iru hdfk ri wkh irxu suredelolwlhv z exw dovr




 Dw wkh hqg ri d urxqg wkh frpsxwhu fkrvh zlwk htxdo suredelolw| rqh ri wkh irxu z*v dqg wkhq
vhohfwhg wkh sd|r prgh +X0 ru Q0prgh, dffruglqj wr wkh vhohfwhg suredelolw|1
 Sd|rv zhuh wkhq ghwhuplqhg dv iroorzv=
X






3 li { . | A s
{ rwkhuzlvh
dqg X














3 li { . | A s
s  { li { . |  s dqg Xprgh
| li { . |  s dqg Qprgh
Lq d vhqvh wklv qrupdo irup dqg pruh frpsoh{ ghflvlrq hqylurqphqw fdq eh odehoohg frrohu
wkdq wkh krw ghflvlrq hqylurqphqw dqdo|}hg ehiruh1 Vhfrqg pryhuv frxog ehkdyh glhuhqwo|/ li
lqiruphg derxw zkdw wkh| dfwxdoo| iruhjr e| qrw dffhswlqj wkdq e| vlpso| vwdwlqj dq dffhswdqfh
wkuhvkrog +lq fdvh wkh Xprgh dssolhv,1 Ixuwkhupruh/ wkh idfw wkdw d ghflvlrq pdwwhuv rqo| zlwk
suredelolw| 4@7 pd| dovr dhfw ehkdylru1
E| dqg odujh/ zh irxqg wkdw ehkdylru ri erwk uvw dqg vhfrqg pryhuv zdv z0lqyduldqw
lq wkhvh h{shulphqwv1 Lq rughu wr pdnh wkh ghflvlrq sureohp vrphzkdw krwwhu/ zh lqwurgxfhg
d wuhdwphqw zkhuh vxemhfwv frqiurqwhg hdfk wlph rqo| wzr ydoxhv ri z lqvwhdg ri irxu1 Vwloo
ehkdylru zdv wr d odujh h{whqw lqvhqvlwlyh +hyhq, wr wkh +kljk, ohyhov ri z1 Fohduo| wklv revhuydwlrq
lq lwvhoi lv d vhulrxv frqfhuq iru +jdph, wkhru| zklfk grhv qrw dffrxqw iru glhuhqfhv ehwzhhq









Erwk/ uvw dqg vhfrqg pryhuv kdg wr vwdwh wkhlu uhvshfwlyh ghpdqgv lq rqh ghflvlrq vfuhhq1 Iluvw pryhuv kdg wr
vwdwh irxu ghpdqgv +rqh shu z, dqg vhfrqg pryhuv kdg wr vwdwh ; ghpdqgv +rqh iru hdfk prgh dqg hdfk z, lq hdfk




Qrwh wkdw prvw h{shulphqwdo vwxglhv frpsdulqj wkh vwudwhj| dqg wkh vhtxhqwldo sod| phwkrg qg glhuhqfhv
lq ehkdylru dfurvv prghv ri sod|1 Vfkrwwhu hw do1 +4<<7, iru h{dpsoh qg vljqlfdqw uhsuhvhqwdwlrq hhfwv iru 5f5
53Q0prgh zhuh txdolwdwlyho| olnh uvw pryhuv* ghpdqgv/ l1h1/ ghpdqgv lqfuhdvhg +dowkrxjk udwkhu
zhdno|, zlwk kljkhu ydoxhv ri z1 Phdqv ri uvw pryhu ghpdqgv uhyhdohg vlplodu sdwwhuqv dv lq
wkh h{shulphqw hpsor|lqj wkh vhtxhqwldo sod| phwkrg exw wkh hhfwv zhuh lqvljqlfdqw1 Rq wkh
zkroh/ wkh gdwd zdv pruh frqfhqwudwhg rq wkh htxdo vsolw zklfk ehfdph hyhq pruh grplqdqw zlwk
h{shulhqfh1
8 Glvfxvvlrq
Lq wklv duwlfoh zh lqwurgxfh lpshuihfw revhuydelolw| lqwr vhtxhqwldo edujdlqlqj1 Diwhu wkh uvw pryhu
vwdwhv klv ghpdqg/ wkh vhfrqg pryhu lv hlwkhu shuihfwo| lqiruphg derxw wklv fkrlfh ru hovh nqrzv
qrwklqj1 Uhjduglqj wkh olnholkrrg z ri uhyhdolqj wkh hduolhu ghpdqg zh kdyh vkrzq wkhruhwlfdoo|
wkdw zlwk ghfuhdvlqj suredelolw| z wkh ulvn grplqdqw vroxwlrq ghpdqg {
_ +z, ri wkh uvw pryhu
ydulhv frqwlqxrxvo| iurp wkh Xowlpdwxp ghpdqg +{ @ s, wr wkh Qdvk edujdlqlqj vroxwlrq ghpdqg
+{ @ s@5,1 Wkh xqlqiruphg vhfrqg pryhu ghpdqgv wkh uhvlgxdo dqg wkh lqiruphg vhfrqg pryhu
dozd|v dffhswv1
Wkh uhvxowv ri rxu h{shulphqwv vkrz wkdw uvw pryhuv dqg xqlqiruphg vhfrqg pryhuv
+zhdno|, uhdfw wr wkh frqwuro yduldeoh z dv suhglfwhg1 Iru wkh wkuhh kljkhu ohyhov ri z zh re0
vhuyh vwdwlvwlfdoo| vljqlfdqw glhuhqfhv lq ghpdqgv1 I xuwkhupruh/ iru wkh kljkhvw ohyho ri z jlyhq
lq wkh h{shulphqw +z @ =<, rxu uhvxowv uhvhpeoh vw|ol}hg idfwv derxw ehkdylru lq xowlpdwxp jdphv=
Lqiruphg vhfrqg pryhuv iuhtxhqwo| uhmhfw sd|r vkduhv ri 426 dqg hyhq deryh1 +Wkh dyhudjh uh0
mhfwhg rhu lv 66=78,1 Iluvw pryhu ghpdqgv duh frqfhqwudwhg lq wkh udqjh 4@5  {  6@7 ri uhodwlyh
ghpdqgv zlwk wkh htxdo vsolw 4@5 ehlqj prgdo1 Wkh iuhtxhqf| ri htxdo vsolw ghpdqgv lv kljkhu/
wkh orzhu wkh ydoxh ri z= Iru wkh suredelolwlhv z @ 3=4 dqg z @ 3=6 wkh phgldq ghpdqg ri doo uvw
pryhuv dqg ri ryhu <3( ri vhfrqg pryhuv lv wkh htxdo vsolw1 Lqglylgxdo ghpdqgv rqo| ehfrph pruh
glvshuvhg iru kljk suredelolwlhv z +z @ 3=: dqg z @ 3=<,1
Dowkrxjk phdq ghpdqgv ydu| zlwk suredelolw| z/ phgldq ghpdqgv ri derxw 63( ri doo uvw
pryhuv dqg ri pruh wkdq 93( ri xqlqiruphg vhfrqg pryhuv duh lqyduldqw ryhu doo irxu z*v1 Prvw
uvw dqg xqlqiruphg vhfrqg pryhuv zkr gr qrw vkrz zlqyduldqfh lq wkhlu phgldqv/ rqo| kdyh
wzr glhuhqw phgldq ghpdqgv iru doo irxu ohyhov ri z/ l1h1/ wkh| ghpdqghg wkh htxdo vsolw iru orz
suredelolwlhv z dqg dgmxvwhg wkhlu ghpdqg rqo| rqfh1 Wklv vxjjhvwv wkdw iru uhodwlyho| kljk ohyhov
fkdlqvwruh sdudgr{0olnh jdphv1 Eurvlj hw do1 +5334, qg glhuhqfhv lq vlpsoh edujdlqlqj jdphv1 J wk hw do1 +5334d,
dovr qg vljqlfdqw glhuhqfhv lq 6 plql xowlpdwxp edujdlqlqj jdphv1 Lq frqwudvw/ iru vhtxhqwldo sulvrqhuv* glohppd
dqg fklfnhq jdphv/ Eudqgwv dqg Fkduqhvv +5333, gr qrw qg vljqlfdqw glhuhqfhv1
54ri z> sduwlflsdqwv wuhdw zjdphv olnh dq xowlpdwxp jdph dqg iru uhodwlyho| orz ohyhov ri z olnh d
Qdvk ghpdqg jdph1
Sdudooho wr qglqjv lq pdunhw h{shulphqwv zlwk huuruv lq frppxqlfdwlrq +vhh J wk hw do1
5334e, zh revhuyh wkdw iru d kljk suredelolw| z> uvw pryhuv hqmr| d uvw0pryhu dgydqwdjh1 Krz0
hyhu/ wklv uvw0pryhu dgydqwdjh lv qrw dv vwurqj dv suhglfwhg e| wkhru|1 Qhyhuwkhohvv lw lv vwdwlvwlfdoo|
vljqlfdqw dowkrxjk zlwk uhshdwhg lqwhudfwlrq ghpdqgv ehfrph lqfuhdvlqjo| lqyduldqw zlwk uhvshfw
wr z1 D srvvleoh uhdvrq iru wklv lv wkdw iurp wkh yhu| ehjlqqlqj ri wkh h{shulphqw vhfrqg pryhuv
uhmhfw frqvlghudeoh rhuv lq wkh Xprgh dqg dsshdu wr lqvlvw rq wkh htxdo vsolw lq wkh Qprgh1
Frq lfw dqg uhmhfwlrq udwhv lqfuhdvh zlwk z1 Wkrxjk ghpdqgv dgmxvw zlwk h{shulhqfh wkh hhfw lv
frqvlghudeo| vwurqjhu iru uvw0pryhu ghpdqgv1
Dowrjhwkhu/ olnh lq rwkhu slh0vkdulqj h{shulphqwv zh revhuyh d vwurqj irfxv rq wkh htxdo
vsolw1 Krzhyhu/ wkh vljqlfdqw hhfwv uhjduglqj rxu frqwuro yduldeoh z lqglfdwh wkdw d frqvlghudeoh
iudfwlrq ri vxemhfwv xqghuvwrrg wkh vwudwhjlf lpsolfdwlrqv ri xqfhuwdlq uhyhodwlrq dqg uhdfwhg wr lw1
Wklv uhdfwlrq lv vrphzkdw qrq0frqwlqxrxv/ l1h1 vxemhfwv whqg wr hlwkhu wuhdw wkh qrlv| edujdlqlqj
jdph olnh dq xowlpdwxp/ ru olnh d Qdvk ghpdqg jdph1
Uhihuhqfhv
^4` Edjzhoo/ N1 +4<<8,= Frpplwphqw dqg Revhuydelolw| lq Jdphv/ Jdphv dqg Hfrqrplf Ehkdylru
;/ 5:405;31
^5` Eudqgwv/ M1 dqg J1 Fkduqhvv +5333,= Krw yv1 Frog= Vhtxhqwldo Uhvsrqvhv dqg Suhihuhqfh
Vwdelolw| lq H{shulphqwdo Jdphv/ H{shulphqwdo Hfrqrplfv 5/ 55:06;1
^6` Eurvlj/ M1/ dqg M1 Z hlpdqq/ dqg F10O1 \dqj +5334,= Hprwlrqv dqg uhdvrqv lq d krw yhuvxv frog
h{shulphqw/ Zrunlqj sdshu/ Xqlyhuvlw| ri Pdjghexuj1
^7` Fkdnudyruwl/ E1 dqg \1 Vslhjho +4<<6,= Frpplwphqw xqghu lpshuihfw revhuydelolw|= zk| lw lv
ehwwhu wr kdyh iroorzhuv zkr nqrz wkdw wkh| grq*w nqrz udwkhu wkdq wkrvh zkr grq*w nqrz
wkdw wkh| grq*w nqrz/ Ehoofruh Hfrqrplfv Glvfxvvlrq Sdshu Qr1 4361
^8` Ihuvkwpdq/ F1/ N1 O1 Mxgg/ dqg H1 Ndodl +4<<4,= Revhuydeoh Frqwudfwv = Vwudwhjlf Ghohjdwlrq
dqg Frrshudwlrq/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 65/ 884088<1
^9` Ilvfkedfkhu/ X1 +4<<<,= }0Wuhh  ]xulfk Wrroer{ iru Uhdg|pdgh Hfrqrplf H{shulphqwv 
H{shulphqwhu*v Pdqxdo/ Zrunlqj Sdshu/ Xqlyhuvlw| ri ]xulfk1
55^:` J wk/ Z1/ V1 Kxfn/ dqg Z1 P oohu +5334d,= Wkh Uhohydqfh ri Htxdo Vsolwv lq Xowlpdwxp
Jdphv/ Jdphv dqg Hfrqrplf Ehkdylru 6:/ 494049<1
^;` J wk/ Z1 +4<<8,= Rq Xowlpdwxp Edujdlqlqj H{shulphqwv0D Shuvrqdo Uhylhz/ Mrxuqdo ri
Hfrqrplf Ehkdylru ) Rujdql}dwlrq 6:/ 65<0771
^<` J wk/ Z1/ Z1 P oohu/ dqg \1 Vslhjho +5334e,= Qrlv| ohdghuvkls= Dq h{shulphqwdo dssurdfk/
Zrunlqj Sdshu/ Who Dyly Xqlyhuvlw|1
^43` Kduvdq|l/ M1 F1 dqg U1 Vhowhq +4<;;,= D jhqhudo wkhru| ri htxloleulxp vhohfwlrq lq jdphv/
Fdpeulgjh/ Pdvv1 dqg Orqgrq= PLW Suhvv1
^44` Kxfn/ V1/ dqg P oohu/ Z1 +5333,= Shuihfw yhuvxv Lpshuihfw Revhuydelolw|= Dq H{shulphqwdo
Whvw ri Edjzhoo*v Uhvxow/ Jdphv dqg Hfrqrplf Ehkdylru 64/ 4:704<31
^45` Nrkoehuj/ H1 dqg M10I1 Phuwhqv +4<;9,= Lq wkh vwudwhjlf vwdelolw| ri htxloleuld/ Hfrqrphwulfd
87/ 43360436;1
^46` Odrqw M1M1 dqg M1 Wluroh +4<<6,= D Wkhru| ri Lqfhqwlyhv lq Surfxuhphqw dqg Uhjxodwlrq/
Fdpeulgjh/ PD= Wkh PLW Suhvv1
^47` Qdvk/ M1 +4<83,= Wkh Edujdlqlqj Sureohp/ Hfrqrphwulfd 4;/ 48804951
^48` Udsrsruw/ D1 +4<<:,= Rughu ri Sod| lq Vwudwhjlfdoo| Htxlydohqw Jdphv lq H{whqvlyh Irup/
Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 59/ 44604691
^49` Urwk/ D1 H1 +4<<8,= Edujdlqlqj H{shulphqwv/ lq= Wkh kdqgerrn ri h{shulphqwdo hfrqrplfv/
hgv1= Ndjho/ M1 K1 dqg Urwk/ D1 H1/ Sulqfhwrq Xqlyhuvlw| Suhvv1
^4:` Uxelqvwhlq D1 +4<;<,= Wkh hohfwurqlf pdlo jdph= vwudwhjlf ehkdylru xqghu doprvw frpprq
nqrzohgjh/ Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41
^4;` Vfkrwwhu/ D1/ N1 Zhljhow/ dqg F1 Zlovrq +4<<7,= D Oderudwru| Lqyhvwljdwlrq ri Pxowlshuvrq
Udwlrqdolw| dqg Suhvhqwdwlrq Hhfwv/ Jdphv dqg Hfrqrplf Ehkdylru 9/ 778079;1
^4<` Vhowhq/ U1 +4<9:,= Glh Vwudwhjlhphwkrgh }xu Huiruvfkxqj ghv hlqjhvfkuçqnw udwlrqdohq Yhu0
kdowhqv lp Udkphq hlqhv Roljrsroh{shulphqwv/ lq= Ehlwuçjh }xu h{shulphqwhoohq Zluwvfkdiwv0
iruvfkxqj/ hg1= K1 Vdxhupdqq/ W elqjhq= Prku1
56^53` ydq Gdpph/ H1/ dqg Kxunhqv/ V1 +4<<:,= Jdphv zlwk Lpshuihfwo| Revhuydeoh Frpplwphqw/
Jdphv dqg Hfrqrplf Ehkdylru 54/ 5;5063;1
^54` yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq +4<77,= Wkhru| ri Jdphv dqg Hfrqrplf Ehkdylru/
Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ X1V1D1
D Surri ri Sursrvlwlrq 4
Ohw xv frqvlghu wzr glhuhqw vwulfw htxloleuld ri wkh Qwuxqfdwlrq= +{> |, dqg +h {> h |, zlwk {> |> h {> h | A 3/
{ . | @ h { . h | @ s/ { 9@ h { dqg wkxv | 9@ h |1 Wkh 5{5elpdwul{ jdph
| h |
{ +{> |, +3> 3,
h { +h {> z+s  h {, . +4  z,|, +h {> h |,
+7,




vsdqqhg e| +{> |, dqg +h {> h |, iru { A h {1 Iru doo z 5 ^3> 4`/
vwulfwqhvv ri +{> |, dqg +h {> h |, lpsolhv wkdw wkh| duh dovr vwulfw htxloleuld ri wklv elpdwul{ jdph1 Ulvn
grplqdqfh iru 5{5elpdwul{ jdphv zlwk wzr vwulfw htxloleuld lv d{lrpdwlfdoo| fkdudfwhul}hg e|
 lqyduldqfh zlwk uhvshfw wr lvrprusklf wudqvirupdwlrqv/
 ehvw uhso| lqyduldqfh
 prqrwrqlflw|
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h { +3> 3, +h {> h |  +z+s  h {, . +4  z,|,,
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D irupdwlrq lv d vxevwuxfwxuh zklfk uhvxowv iurp h{foxglqj vwudwhjlhv dqg zklfk lv forvhg zlwk uhvshfw wr wkh ehvw
uhso| fruuhvsrqghqfh lq wkh ruljlqdo jdph1 Lw lv plqlpdo li lw frqwdlqv qr surshu vxeirupdwlrq1
n
\
Ehvw uhso|suhvhuylqj wudqvirupdwlrq lq ghwdlo= x
p EE> | 3 h { dqg x




Lvrprusklf wudqvirupdwlrq lq ghwdlo= x
r @h { dqg x
q @|
57Lqyduldqfh zlwk uhvshfw wr lvrprusklvp dqg ehvw uhso|suhvhuylqj wudqvirupdwlrqv lpsolhv wkdw
qhlwkhu +{> |, ulvn grplqdwhv +h {> h |, qru ylfh yhuvd zkhqhyhu
{  h {
h {
@
h |  z+s  h {,  +4  z,|
|
+:,
Wkxv prqrwrqlflw| lpsolhv wkdw +{> |, ulvn grplqdwhv +h {> h |, iru
{  h {
h {
A
h |  z+s  h {,  +4  z,|
|
+;,
Uhduudqjlqj dqg vxevwlwxwlqj h | e| s  h { dqg | e| s  { |lhogv
{ . h {  s
h {
? z +<,
Gxh wr wkh v|pphwu| surshuwlhv ehwzhhq wkh irupdwlrq vsdqqhg e| +{> |, dqg +h {> h |, iru { A h { dqg
wkdw iru { ? h {/ rqh rewdlqv d vlplodu uhvxow iru wkh odwwhu fdvh1 Iru { ? h {/ +{> |, ulvn grplqdwhv
+h {> h |, li
h { . {  s
{
A z +43,
Qrz iru { @ {
s +z, zkhuh {
_ +z, @ s@+5z,/ frqglwlrq +<, lv htxlydohqw wr  { ? {
_ +z, dqg frqglwlrq
+43, wr h { A {
_ +z, surylqj wkdw wkh vwulfw htxloleulxp fruuhvsrqglqj wr {
s +z, ulvn grplqdwhv doo
rwkhu vwulfw htxloleuld ri wkh Q0wuxqfdwlrq1 Wkxv {
_ +z, lv wkh vroxwlrq ghpdqg iru doo z 5 ^3> 4`/
zkdw suryhv Sursrvlwlrq 41
E W udqvodwlrq ri Lqvwuxfwlrqv
Zhofrph wr wklv h{shulphqw1 Sohdvh uhdg wkh iroorzlqj lqvwuxfwlrqv fduhixoo|1 I urp qrz rq |rx duh
qrw doorzhg wr frppxqlfdwh zlwk rwkhu sduwlflsdqwv1 Li wkhuh lv vrphwklqj xqfohdu sohdvh udlvh |rxu
kdqg1 Wkh lqvwuxfwlrqv duh lghqwlfdo iru doo sduwlflsdqwv1 Doo ghflvlrqv uhpdlq dqrq|prxv1 Wklv
phdqv wkdw |rx zloo qrw eh lqiruphg derxw wkh lghqwlw| ri rwkhuv qru zloo dq|rqh hovh eh lqiruphg
derxw |rxuv1
Wkh h{shulphqw frqvlvwv ri 93 urxqgv1 Lq hdfk urxqg |rx fdq hduq prqh|1 Krz pxfk prqh| |rx
fdq hduq ghshqgv rq |rxu ghflvlrqv/ wkh ghflvlrqv ri rwkhu sduwlflsdqwv dqg udqgrp hyhqwv1 Lq wkh
h{shulphqw doo prqh| dprxqwv duh ghqrwhg lq HFX zkhuh 533 HFX duh zruwk HXU 41
Wkhuh duh wzr glhuhqw urohv1 Rqh kdoi ri wkh sduwlflsdqwv ghflghv dv D/ wkh rwkhu kdoi dv E1 Wkh
urohv duh dvvljqhg udqgrpo| dw wkh ehjlqqlqj ri wkh h{shulphqw dqg uhpdlq {hg wkurxjkrxw wkh
h{shulphqw1 Wkhuh zloo dozd|v eh dq D lqwhudfwlqj zlwk rqh E1 Zklfk D lqwhudfwv zlwk zklfk E
zloo eh udqgrpo| ghwhuplqhg dqhz dw wkh ehjlqqlqj ri hdfk urxqg1
58Rughu ri hyhqwv lq rqh urxqg
Lq hdfk urxqg hyhu| D2E sdlu fdq glylgh 433 HFX dprqj wkhpvhoyhv1 Iluvw/ D vwdwhv klv2khu
ghpdqg d +zlwk 3  d  433,1 Wkh frpsxwhu wkhq udqgrpo| vhohfwv rqh ri wzr prghv +prgh 4
ru prgh 5,1 Prgh 4 zloo eh vhohfwhg zlwk suredelolw| z1 Zlwk frxqwhu suredelolw| +4  z, prgh
5 zloo eh vhohfwhg1 Khuhzlwk wkh ydoxh ri z fdq kdyh rqh ri wkh iroorzlqj uhdol}dwlrqv= 4243/ 6243/
:243 ru <2431 Dw wkh ehjlqqlqj ri hdfk urxqg rqh ri wkh irxu zydoxhv lv gudzq udqgrpo| iru hdfk
D2E sdlu dqg erwk sduwlflsdqwv duh lqiruphg derxw wkh vhohfwhg z1
Ghshqglqj rq zklfk prgh zdv vhohfwhg/ d urxqg wkhq frqwlqxhv dv iroorzv=
Prgh 4=
 Sduwlflsdqw E lv lqiruphg derxw wkh ghpdqg d ri D1
 Nqrzlqj D*v ghpdqg/ E ghflghv ehwzhhq cdffhswlqj* dqg cuhmhfwlqj*1
 Urxqg sd|rv duh wkhq ghwhuplqhg dv iroorzv=
 Li E uhmhfwv/ erwk sduwlflsdqwv hduq qrwklqj1
 Li E dffhswv/ D jhwv klv2khu ghpdqg d dqg E jhwv wkh uhvw ri wkh 433 HFX/ l1h1 433  d=
Prgh 5=
 Sduwlflsdqwv E lv qrw lqiruphg derxw wkh ghpdqg d ri D1
 Qrw nqrzlqj D*v ghpdqg d/ E wkhq vwdwhv klv2khu rzq ghpdqg e +zlwk 3  e  433,1
 Urxqg sd|rv duh wkhq ghwhuplqhg dv iroorzv=
 Li wkh vxp ri wkh wzr ghpdqgv lv juhdwhu wkdq 433 HFX +l1h1 d . e A 433,> erwk sduwlfl0
sdqwv hduq qrwklqj1
 Li wkh vxp ri wkh wzr ghpdqgv lv vpdoohu ru htxdo wr 433 HFX/ hdfk sduwlflsdqw jhwv klv
2khu ghpdqg/ l1h1/ D jhwv klv2khu ghpdqg d dqg E jhwv klv2khu ghpdqg e=
Dw wkh hqg ri hdfk urxqg/ erwk sduwlflsdqwv duh lqiruphg derxw doo udqgrp hyhqwv dqg lqglylgxdo
ghflvlrqv dv zhoo dv wkhlu lqglylgxdo sd|r lq wklv urxqg1
Ryhuylhz ri wkh rughu ri hyhqwv lq wkh h{shulphqw=
Ehjlqqlqj
59Hyhu| sduwlflsdqw lv dvvljqhg rqh ri wzr urohv1 Rqh kdoi ri sduwlflsdqwv lv dvvljqhg wr uroh D wkh
rwkhu kdoi wr uroh E1
Urxqg 4 0 93=
41 Lw lv udqgrpo| ghwhuplqhg zklfk D lqwhudfwv zlwk zklfk E1
51 Hdfk D2E sdlu lv udqgrpo| dvvljqhg rqh ri wkh irxu srvvleoh z0ydoxhv dqg lqiruphg derxw
zklfk z zdv vhohfwhg +z 5 i4@43> 6@43> :@43> <@43j,1
61 Nqrzlqj wkh suredelolw| z exw qrw nqrzlqj wkh vhohfwhg prgh/ D vwdwhv klv2khu ghpdqg d
+zlwk 3  d  433,1
71 Zlwk suredelolw| z prgh 4 lv vhohfwhg dqg zlwk suredelolw| 4  z prgh 5 lv vhohfwhg1
81 Wkh urxqg frqwlqxhv dffruglqj wr wkh gudzq prgh1 Wkdw lv/ sduwlflsdqw E pdnhv d ghflvlrq
dffruglqj wr wkh vhohfwhg prgh1
Prgh 4= E lv lqiruphg derxw wkh dfwxdo d ri sduwlflsdqw D dqg wkhq ghflghv ehwzhhq
cdffhswlqj* dqg cuhmhfwlqj*1
Prgh 5= E lv qrw lqiruphg derxw wkh dfwxdo d ri sduwlflsdqw D dqg ghflghv rq klv2khu
ghpdqg e +zlwk 3  e  433,1
91 Wklv urxqg*v rxwfrph lv ehlqj frpsxwhg dffruglqj wr wkh uxohv ri wkh vhohfwhg prgh dqg erwk
sduwlflsdqwv duh lqiruphg derxw lw1
Hqg ri wkh 93wk urxqg=
Vkruw txhvwlrqqdluh1
Hqg=
\rx duh sdlg lq HXU dqg lq fdvk wkh prqh| |rx hduqhg gxulqj wkh h{shulphqw1
F Judsklfv dqg ixuwkhu gdwd
5:Ghpdqg Suredelolw| ri xowlpdwxp prgh
Udqjh z @ 3=< z @ 3=: z @ 3=6 z @ 3=4
73  { ? 78  324 +313, 
78  { ? 83   324 +313, 325 +313,
83  { ? 88 32478 +313, 424;5 +3138, 32434 +313, 3268 +313,
88  { ? 93 827< +4315, 7275 +313<, 427 +5813, 324 +313,
93  { ? 98 692449 +6413, ;295 +451<, 328 +313, 324 +313,
98  { ? :3 44258 +7713, ;245 +991:, 324 +313,
:3  { ? :8 5326< +8416, 824: +5<17, 
:8  { ? ;3 <255 +731<, ;249 +8313, 
;3  { ? ;8 728 +;313, 525 +433, 
;8  { ? <3 424 +433,  
<3  { ? <8 728 +;313,  
<8  {  433  525 +433, 
Doo <3273: +5514, 6;2669 +4416, 42445 +3133<, 326< +313,
Qrwh= Shufhqwdjh ri uhmhfwlrqv lq sduhqwkhvhv1
Wdeoh ;= Uhmhfwlrqv2Rhuv ri lqiruphg vhfrqg pryhuv2uvw pryhuv +doo urxqgv,1
5;Suredelolw| ri Iluvw pryhuv Vhfrqg pryhuv


































































Qrwh= Vwdqgdug ghyldwlrqv edvhg rq vhvvlrq dyhudjhv lq sduhqwkhvhv1
Wdeoh <= Surwv ri uvw dqg vhfrqg pryhuv +doo urxqgv,1
5<Iljxuh 4= I uhtxhqf| Glvwulexwlrq ri uvw pryhuv* ghpdqgv +doo urxqgv,1
63Iljxuh 5= I uhtxhqf| Glvwulexwlrq ri xqlqiruphg vhfrqg pryhuv* ghpdqgv +doo urxqgv,1
64